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1. INTRODUCTION 

In a previous workS (which we shall refer as I) the variational theory of the perfect fluid 
with intrinsic spin and dilatonic charge (dilaton-spin fluid) was developed and the equations 
of motion of this fluid, the Weyssenhoff-type evolution equation of the spin tensor and the 
conservation law of the dilatonic charge were derived. 

The purpose of the present work is to investigate the equations of motion of such type of 
fluid and their consequences, one of which leads to the equation of motion of a test particle 
with spin and dilatonic charge in the Weyl-Cartan background. 

It is well known that the equations of charge particle motion in an electromagnetic theory 
are the consequence of the covariant energy-momentum conservation law of the system 
'particles-field' and the electromagnetic field equations.i In General Relativity the equations 
of matter motion are the consequence of the gravitational field equations. The reason consists 
in the fact that the Einstein equations lead to the covariant energy-momentum conservation 
law of matter. In the Einstein-Cartan theory!'! the same situation occurs, citeHedet but 
the conservation laws have more complicated form established in Ref. |. In Refs. ^ ^ it 
was proved that in the generalized theories of gravity with torsion in a Riemann-Cartan 
space f/4 based on non-linear Lagrangians the equations of the matter motion are also the 
consequence of the gravitational field equations. The similar result was established in a 
metric-affine space with curvature, torsion and nonmetricity.i~lii 

In Sec. 2 we shall use this method for deriving the equation of dilaton-spin fluid motion 
in the form of generalized hydrodynamic Euler-type equation in a Weyl-Cartan space. In 
Sec. 3 this equation will be applied for obtaining the equation of motion of a test particle 
with spin and dilatonic charge in the Weyl-Cartan geometry background. 
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2. THE HYDRODYNAMIC EQUATION OF MOTION 
OF THE PERFECT DILATON-SPIN FLUID 

In a Weyl-Cartan space Y4 the matter Lagrangian obeys the diffeomorfism invariance, 
the local Lorentz invariance and the local scale invariance that leads to the corresponding 
Noether identities which can be obtained as the particular case of the corresponding identities 
stated in a general metric-affine spaceS (see Appendix on the notations used), 

V^^ = (e.JT") AS, - (e.J7^'^/3) A - ^(e.J Q)a\ , (2.1) 

o 

+ A5«^ = ^[,AS^] , (2.2) 

PJ^ = r A S„ - (T°„ . (2.3) 

Here S^- is the canonical energy-momentum 3-form, cTq^ is the metric stress-energy 4-form, 
Sai3 is the spin momentum 3-form and is the dilaton current 3-form. 

In case of the perfect dilaton-spin fluid the corresponding expressions for the quantities 
Scr, CTa/s, Sa/3 and J' were derived in I (see (1.5.3), (1.5.5), (1.5.6)). These expressions are 



compatible in the sense that they satisfy to the Noether identities (|2.1|), (p.2|) and (2.3). The 



identities (|2.2| ) and (2^) can be verified with the help of the spin tensor evolution equation 
(1.4.4) and the dilatonic charge conservation law (1.4.2). 

The Noether identity ( p2.1| ) represents the quasiconservation law for the canonical matter 
energy-momentum 3-form. This identity is fulfilled, if the equations of matter motion are 
valid, and therefore represents in its essence another form of the matter motion equations. 

Let us introduce with the help of (1.5.4) a specific (per particle) dynamical momentum 
of a fiuid element, 

1 e 1 _ 

T^aV ■= ^ *UAT.a, TTa = :^SapU\'Du'' . (2.4) 

nc nc c 

Then the canonical energy-momentum 3-form (1.5.4) reads, 

Sct = pr]a + n (^TTa- + ^^-^^ ^ " (2-5) 
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Substituting ( p.5|) , (1.5.5) and (1.5.6) into ( p.l|) , one obtains after some algebra the equa- 
tion of motion of the perfect dilaton-spin fluid in the form of the generalized hydrodynamic 
Euler-type equation of the perfect fluid, 

/ p \ 1 _ 1 

uAVln^^ = -7]e„\Vp - —r]{e + p)Q^ 

\ nc^ J n QTi 

-ie^\T^) A fvr, + -^u^ u - J(eJ7^"^) A S^pu + ^(eJ7^"J A Ju . (2.6) 



Let us evaluate the component of the equation ( p.6|) along the 4-velocity by contracting 
one with u'^. After some algebra we get the energy conservation law along a streamline of 
the fluid, 

de = ^-^dn . (2.7) 
n 

Comparing this equation with the first thermodynamic principle (1.2.14), one can conclude 
that along a streamline of the fluid the conditions 

are valid. The first of these equalities means that the entropy conservation law is fulfilled 
along a streamline of the fluid. This fact corresponds to the basic postulates of the theory. 

3. THE EQUATION OF TEST PARTICLE MOTION 
IN A WEYL CARTAN SPACE 

Let us consider the limiting case when the pressure p vanishes, then the equation ( p.6|) 
will describe the motion of one fluid particle with the mass mo = e/ {nc^) = const, with the 
spin tensor Sai3 and the dilatonic charge J, 

uAVn^ = -\r]ma^Q^ - (eJT") A tt^m - J(eaj7e"^) A S^^pu + ^(e<,J7^"„) A Ju . (3.1) 
o 2 o 



The third term on the right-hand side of (|3.1| ) represents the well-known Mathisson force, 



the second term represents the translational force that appears in spaces with torsion. The 
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forth term appears only in a Weyl-Cartan space. It has the Lorentz-like form with the 
Weyl's homothetic curvature tensor 7^"„ as dilatonic field strength. 
The following Theorem is valid. 

Theorem. In a Weyl-Cartan space Y4 the motion of a test particle with spin 
and dilatonic charge obeys the equation, 

R \ / C \ C 

-lie.l h^) A S^pu + ^{eAdO) A Ju , (3.2) 
2 lb 

C ri R C 

where TZ is a Riemann-Cartan curvature 2-form, T> and P are the exterior 

R 

covariant differentials with respect to a Riemann connection 1-form F °/3 and a 

c 

Riemann-Cartan connection 1-form r"/3, respectively. 

Proof. Using the decomposition ( [A.5| ) (see Appendix) the specific dynamical momentum 
of a fiuid element ( p.4[ ) can be written in the form, 

1 c 1 

TT^ = niQU^ - -^S„pu\ VuP - -S^pQP . (3.3) 



With the help of the decomposition (|A.5|) one can prove that the evolution equation of the 



c 

spin tensor (1.4.4) is also valid with respect to the Riemann-Cartan connection F "/3 and 



reads. 



U'^Il'pulV S% = Q , (3.4) 



where 11" := 5° + c "^u^u^ is the projection tensor. Using (p.4|) and ( p.4| ) the left-hand side 
of the equation (|3.1|) can be represented as follows. 



Q 1 o„ 1 c , c 

-uA V {S^pi 



u A Vila = rriQuA V — -r]moC^Q^ -uA V iSa-pu\ V u'') 



c 

~\s,pUA VQ"- ^vSapQ'Qxu^ . (3.5) 
o o4 



With the help of the decomposition ( |A.6D the third term on the right-hand side of ( p.l[ ) 
takes the form, 
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-IvS.pu] VQ' + ^vSapQVxu^ ■ (3.6) 
o o4 

Substituting ( ^.61 ) and ( |3.3| ) in the right-hand side of (p.lD, comparing the result with 
and taking into account the equahty ( |A.12D , one obtains (^.21), as was to be proved. 



The Theorem proved has the important consequences. 
Corollary 1. The motion of a test particle without spin and dilatonic charge in a Weyl- 
Cartan space Y4 coincides with the motion of this particle in the Riemann space, the metric 
tensor of which coincides with the metric tensor of I4. 

Corollary 2. The motion of a test particle with spin and dilatonic charge in a Weyl-Cartan 
space Y4 coincides with the motion of this particle in the Riemann-Cartan space, the metric 
tensor and the torsion tensor of which coincide with the metric tensor and the torsion tensor 
of 14, if one of the conditions is fulfilled: 

i) the dilatonic field is a closed form, dQ = 0; 

ii) the dilatonic charge of the particle vanishes, J = 0. 

Corollary 3. The manifestations of the non-trivial Weyl space structure (when the dilatonic 
field Q is not a closed form) can be detected only with the help of the test particle endowed 
with dilatonic charge. 

The result of the Corollary 1 can be cosidered as a particular case of the Theorem stated 



in Refs. 0-10 for the matter motion in a general metric-affine space. 



4. CONCLUSIONS 

The perfect dilaton-spin fluid model represents the medium with spin and dilatonic 
charge which generates the spacetime Weyl-Cartan geometrical structure and interacts with 
it. The influence of the Weyl-Cartan geometry on dilaton-spin fluid motion is described by 
the Euler-type hydrodynamic equation. This hydrodynamic equation leads to the equation 
of motion of a test particle with spin and dilatonic charge in the Weyl-Cartan geometry 



Perfect fluid and test particle with spin and dilatonic charge in a Weyl-Cartan space 7 

background, the special form of which is stated by the Theorem of Sec. 3. 

The important consequences of this Theorem mean that bodies and mediums without 
dilatonic charge are not subjected to the influence of the possible Weyl structure of space- 
time (in contrast to the generally accepted opinion) and therefore can not be the tools for 
the detection of the Weyl properties of spacetime. For 'usual' matter without dilatonic 
charge the Weyl structure of spacetime is unobservable. In order to investigate the different 
manifestations of the possible Weyl structure of spacetime one needs to use the bodies and 
mediums endowed with dilatonic charge. 

APPENDIX: 

Let us consider a connected 4-dimensional oriented differentiable manifold M. equipped 
with a linear connection F and a metric g of index 1, which are not compatible in general 
in the sense that the covariant exterior differential of the metric does not vanish, 

where F"^ is a connection 1-form and Qap is a nonmetricity 1-form, Q^/? = Qap-y^^- 
A curvature 2- form 7?.°^ and a torsion 2- form T", 

7^> = Ir%xO'' = A , (a.2) 

are defined by virtue of the Cartan's structure equations, 

TTp = dV^p + F"^ A , = Ve'^ = dO'^ + F"^ A . (A.3) 

A Weyl-Cartan space 14 is a space with a metric, curvature, torsion and nonmetricity 
which obeys the constraint (Q is a Weyl 1-form), 

Qap = \gapQ, Q-^g'^^Qa^^QaO'' . (A.4) 

In a Weyl-Cartan space the following decomposition of the connection is vahd. 
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=f + A"^ , = l{29^^Qp] + , (A.5) 



c 

where T "'p denotes a connection 1-form of a Riemann-Cartan space t/4 with curvature, 
torsion and a metric compatible with a connection. 

The decomposition (|A.5| ) of the connection induces corresponding decomposition of the 
curvature, 

7^"/3 =hp+ V A"^ + A-^ A A^^ =hp + + ^5|f/Q , = P'"/3] , (A.6) 

o 

= ^ (ri^g^] - ^[-A V g/3] + i^^'^g^j a q - a o^q^q^^ , (a.7) 

c 

where f) is the exterior covariant differential with respect to the Riemann-Cartan connection 

c c 

1-form r°/3 and "^"/j is the Riemann-Cartan curvature 2-form. In ( |A.(j| ) the last term contains 
the Weyl homothetic curvature 2-form, 

7^"„ = ^VQ = i(e,jPg^)r A9f + ^Q^T^ = . (A.8) 

The Riemann-Cartan connection 1-form can be decomposed as follows, 

hp =f "/3 + /C"^ , =: IC'p A , (A.9) 

IC^p = 2e[,J T^] - ep\ (T^ A 0^) , (A. 10) 

where F "/3 is a Riemann (Levi-Civita) connection 1-form and /C"/3 is a kontorsion l-form.0 
In a Riemann-Cartan space the covariant differentiation with respect to the transport 
connectionH is useful, 

5PV:=5PV-e,\TP. (A.ll) 
In particular, the following equality is valid, 

uAV = u A (6^% -e^\Tp] Up = uAV . (A.12) 
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